The combined effective low energy QCD Lagrangians of Nambu -JonaLasinio (NJL) and 't Hooft are supplemented with eight-quark interactions. This work is a follow-up of recent findings, namely (i) the six quark flavour determinant 't Hooft term destabilizes the NJL vacuum, (ii) the addition of a chiral invariant eight-fermion contact term renders the ground state of the theory globally stable; (iii) stability constrains the values of coupling constants of the model, meaning that even in the presence of eight-quark forces the system can be unstable in a certain parameter region. In the present work we study a phenomenological output of eight-quark interactions considering the mass spectra of pseudoscalar and scalar mesons. Mixing angles are obtained and their equivalence to the two angle approach is derived. We show that the masses of pseudoscalars are almost neutral to the eight-quark forces. The only marked effect of the second order in the SU(3) breaking is found in the η − η ′ system. The scalars are more sensitive to the eight-quark interactions. A strong repulsion between the singlet-octet members is the reason for the obtained low mass of the σ state within the model considered.
Introduction
The fundamental fields of QCD, quarks and gluons, are unobservable dynamical variables. Instead, at low energies, one observes hadrons. The most direct way to study their properties is the method of effective Lagrangians written in terms of the matter fields describing mesons or baryons. Such theories, under some circumstances, can be developed to the advanced level of an effective field theory. A well-known example is chiral perturbation theory [1] , where the Lagrangian of light pseudoscalar mesons is both a derivative and light current quark mass expansion around the asymmetric ground state which is assumed to be stable. This stability is a phenomenological fact; the underlying theory must explain it.
It is commonly accepted that the eight approximate Goldstone bosons π, K and η are a signal for the spontaneous breakdown of the chiral symmetry of QCD, which is realized in the ideal world of massless u, d, s, quarks. It is not excluded that effective four-quark interactions of the Nambu and JonaLasinio (NJL) type [2] are responsible for the formation of a stable chiral asymmetric vacuum giving a crude insight into the structure of the ground state of QCD [3] .
One might ask if higher order quark interactions are of importance. For instance, on lines suggested by an instanton-gas model, it can be argued [4] that there exists an infinite set of multi-quark terms in the effective quark Lagrangian starting from the NJL four-quark interactions. The famous 't Hooft determinantal interaction [5] automatically appears if one keeps only the zero mode contribution in the mode expansion of the effective Lagrangian. This 2N f multi-quark term (N f being the number of quark flavours) manifestly violates the U A (1) axial symmetry of the QCD Lagrangian, offering a way out of the U A (1) problem.
Let us recall the case with the lightest flavour singlet pseudoscalar η ′ , which was for a while a deep theoretical problem, known as the U A (1) puzzle. The general solution [6] has shown that the η ′ , being a quark-antiquark state, is strongly connected to the gluon world and that the U A (1) axial anomaly is the reason for the η ′ − π, K, η splitting observed in nature. These conclusions are based only on the Ward identities and the 1/N c expansion of QCD (where N c is the number of colours).
The same question has been also studied in the framework of an effective Lagrangian which includes the meson fields and the topological charge density Q(x) [7] . After the elimination of the field Q(x) by means of its classical equation of motion, one obtains an effective mesonic Lagrangian. It has been shown by Rosenzweig, Schechter and Trahern [8] that the 't Hooft type determinantal interaction, written in terms of mesonic fields, appears as the first term in the expansion which results from eliminating Q(x). From the Lagrangian of the model one realizes again that there are no valid theoretical objections against the idea that the 't Hooft interaction and higher order multi-quark terms are actually present in the QCD vacuum. Part of these interactions have been utilized in [9] .
Thus, it is tempting to consider the intuitive picture that describes the QCD vacuum with basis on a series of multi-quark interactions reflecting several tractable features of QCD, which include aspects of chiral symmetry and of the 1/N c expansion. The bosonization of quark degrees of freedom leads then to the desirable effective Lagrangian with matter fields and a stable chiral asymmetric vacuum.
This idea is not new. The NJL type model with the U A (1) axial symmetry breaking by the 't Hooft determinant (in the following we will use the abbreviation NJLH for this model) has been studied in the mean field approximation [10] - [16] for a long time. Numerous phenomenological applications show that the results of such an approach meet expectations. Nevertheless in this picture, there is an apparent problem: the mean field potential is unbounded from below, and the 't Hooft term is the direct source of such an instability (see, for instance, Eq. (3.16) in [15] ). A consistent approach requires obviously a stable hadronic vacuum in which the pions would live forever in the ideal world with only strong interactions.
The functional integral bosonization of the model exposes new shortcomings: the system of stationary phase equations used to estimate the generating functional of the theory Z, has several real solutions [17] which contribute independently, i.e., Z = Z 1 +Z 2 +. . .+Z n , where n is the total number of such real solutions. Since only one of them (let us assume Z 1 , for definiteness) leads, at leading order, to the mean field potential, V M F , the semiclassical potential V , corresponding to Z, differs from V M F . It has been shown in [17] that V is also unbounded from below. Thus, we must accept that the NJLH model suffers from a ground state problem.
Recently it has been argued [18] that eight-quark interactions, added to the NJLH Lagrangian, might resolve the problem. Indeed, the mean field potential of the modified theory, V M F , has a globally stable minimum. The just mentioned controversy concerning the results obtained by the mean field method and the functional integral approach is also removed: one can prove that V = V M F , i.e., the number of admissible real solutions to the stationary phase equations can be constrained to one due to eight-quark terms.
There is a natural question. If the eight-quark forces are so important for the formation of the ground state, what are the other phenomenological consequences of such interactions?
In this paper we consider the main characteristics of light pseudoscalar mesons (J P C = 0 −+ ): their masses and weak decay constants. After that we switch to scalars, calculating masses of the J P C = 0 ++ quark-antiquark nonet. The structure of scalars is a subject of many studies nowadays. The question is so complicated that it would be too naive to think that eightquark forces are a panacea for the mass spectrum problem. Our aim is only to demonstrate the tendency. Once we understand what is changed by the new interactions considered in the description of the meson properties within the model, we can clarify the role of eight-quark forces for low-energy QCD.
To study this matter one should choose an appropriate approximation. The bosonization of six-and eight-quark interactions cannot be done exactly. We will use the stationary phase method to replace the multi-quark vertices by purely mesonic ones and by Yukawa type interactions of quarks with mesons. This is a standard approach [11] , [19] - [21] . The subsequent integration over quarks is a straightforward calculation, because one deals here with a Gaussian integral. To obtain the effective mesonic Lagrangian and extract masses, we shall expand the real part of the quark determinant in a heat kernel series [22, 23] . The techniques which are particularly well suited to the present task have been developed in [24] .
The outline of the paper is as follows: after introducing the multi-quark Lagrangian in Section 2.1, the stability conditions of the vacuum are discussed in Section 2.2. In Sections 2.3 -2.5 we use bosonization and heat kernel methods to transform the multi-quark into a mesonic Lagrangian, and extract the relevant contributions to the mass spectra and gap-equations. Section 3 is dedicated to the analysis of the pseudoscalar observables and includes a detailed discussion of decay constants with particular emphasis on the relation of our one angle approach to the two mixing angle analysis. Explicit formulae for masses and mixing angles are obtained in Section 3.4. In Section 4 are presented the characteristics of scalars, numerical results are given in Section 5 and conclusions in Section 6. Two appendices contain respectively the detailed derivation of the uniqueness of the solutions of the stationary phase equations and of the solution of the equations which yield the matricial coefficients relevant for meson mass terms.
The model

The multi-quark Lagrangian
We discuss the system of light quarks u, d, s (N f = 3) with multi-fermion interactions described by the Lagrangian
Quark fields q have colour (N c = 3) and flavour indices which are suppressed. We suppose that four-, six-, and eight-quark interactions L 4q , L 6q , L 8q are effectively local. Likewise, they are constructed from local quark bilinears, like the scalar S a =qλ a q, or the pseudoscalar P a =qiγ 5 λ a q "currents". Such bilinears have the appropriate quantum numbers to describe mesons. This approximation corresponds to the task considered: we want to obtain, after bosonization, the tree level effective meson Lagrangian, with local vertices and local meson fields, and relate the coupling constants and masses of such a Lagrangian with the parameters of the quark model. Meson physics in the large N c limit is described by a local Lagrangian of this type [25] . The global chiral SU(3) L × SU(3) R symmetry of the Lagrangian (1) at m = 0 is spontaneously broken to the SU(3) group, showing the dynamical instability of the fully symmetric solutions of the theory. In addition, the current quark mass m, being a diagonal matrix in flavour space with elements diag(m u , m d , m s ), explicitly breaks this symmetry down, retaining only the reduced SU(2) I ×U(1) Y symmetries of isospin and hypercharge conservation,
The leading order (in N c counting) Lagrangian of light mesons and the corresponding underlying quark Lagrangian must inherit the U(3) L × U(3) R chiral symmetry of massless three-flavour QCD. In particular, it was argued [26] that in the large N c limit of QCD with three massless quarks the pattern of spontaneous chiral symmetry breakdown is uniquely fixed: the chiral U(3) L × U(3) R group, under some highly plausible assumptions, necessarily breaks down to the diagonal U(3). In accordance with these expectations the short-range attractive
can be used to specify the corresponding part of the effective quark Lagrangian in channels with quantum numbers J P = 0 + , 0 − [27] . The matrices acting in flavour space, λ a , a = 0, 1, . . . , 8, are normalized such that tr(λ a λ b ) = 2δ ab . Here λ 0 = 2 3 1, and λ k , k = 1, 2, . . . , 8 are the standard SU(3) Gell-Mann matrices. It is well-known that such four-quark interactions lead (for some values of the model parameters) to the formation of a quark condensate, which is invariant under the vector subgroup U(3) and thus breaks chiral invariance of the ground state in accordance with the requirements of three-flavour QCD.
The 't Hooft determinantal interaction is described by the Lagrangian
where the matrices P L,R = (1 ∓ γ 5 )/2 are chiral projectors and the determinant is over flavour indices. This interaction breaks explicitly the axial U A (1) symmetry, lifting the degeneracy of η and η ′ meson masses (in the chiral limit), and violates Zweig's rule [28] due to flavour mixing. It affects also the scalar singlet and octet states pushing down the mass of the SU(3) singlet.
The large N c behaviour of the model is reflected in the dimensionfull coupling constants,
As a result the NJL interaction (2) dominates over L 6q at large N c , as one would expect, because Zweig's rule is exact at N c = ∞. These couplings have opposite signs: G > 0, κ < 0.
The eight-quark Lagrangian which describes the spin zero interactions contains two terms:
8q [18] , where
Here the trace is taken over flavour indices i, j = 1, 2, 3; the matrices S, P are given by S ij = S a (λ a ) ij = 2q j q i , P ij = P a (λ a ) ij = 2q j (iγ 5 )q i . The 
8q . The eight-quark interactions L 8q are the lowest order terms in number of quark fields which stabilize the vacuum state of the model. We restrict our consideration to theses terms, because in the long wavelength limit (or in the case when the multi-quark correlators create a hierarchy) the higher dimensional operators are suppressed.
Since the coupling constants G, κ, g 1 , g 2 are dimensionful, the model is not renormalizable. We use the cutoff Λ to make quark loops finite. The regularization procedure (Pauli -Villars) is standard and can be found, for instance, in our paper [29] , where the regularization function is introduced to define the coincidence limit of the Schwinger -DeWitt representation for the real part of the quark-loop effective action. This method is used for our calculations of mass spectra in the following.
Stability conditions for the vacuum
The eight-quark forces stabilize the vacuum [18] . To clarify the meaning of this statement, consider, for the sake of simplicity, the effective potential V (M) which one obtains as a result of bosonization of these multi-quark vertices in the chirally symmetric limit (m = 0) and in the one-quark-loop approximation
with Λ being an ultraviolet cutoff in the quark one-loop diagrams, and
The dependence on the variable h is defined by the stationary phase equation
as a function of the model parameters and the argument M.
We start the discussion of the effective potential with the standard case of four-quark interactions, where the curvature of the potential at the origin and the sign of the coupling G of the interaction fully determine the existence of a globally stable system, which can occur either in the Wigner-Weyl or in the phase of spontaneously broken chiral symmetry. Often the word "instability" is used in connection with the transition from this symmetric to the spontaneously broken vacuum at a critical value of GΛ 2 . This is not what is meant when we say that the vacuum is unstable. As we hope will be clear after the discussion presented in the remaining of this section, the instability we refer to is an essential pathology of the vacuum, present in the model with combined four and six quark interactions: we show that it is crucial for the stability of the vacuum that the stationary phase equation (8) possesses only one single real root when higher order multi-quark interactions are present. We argue that the enlarged system with six-quark interactions fails in this respect and that eight-quark interactions are necessary to stabilize the vacuum. Fig. 1 will illustrate the various stages of the discussion.
In a world without six and eight-quark interactions, κ, g 1 , g 2 = 0, one obtains from Eq. (8) that h = −M/G and, as a result, the potential V (M) has the form of a double well, if V ′′ (0) < 0, see Fig. 1d , i.e. if τ , the following combination of model parameters,
This inequality expresses the fact that chiral symmetry is spontaneously broken 5 , producing in the massless case, (m = 0), the degeneracy of a nonet of Goldstone bosons, and showing the presence of the U A (1) problem. This vacuum state is globally stable, because at large values of |M| another inequality is fulfilled
at G > 0. In this particular case the stability of the ground state (G > 0) is already guaranteed by Eq. (9). It is worth noting that higher order multi-quark interactions will not change condition (9) as long as Eq. (8) 2π 2 , related to the curvature of the effective potential at the origin. Each panel shows the typical form of the potential when one adds successively to the four-quark (left), the six-(middle) and eight-quark interactions (right). The metastable cases (b) and (e) are obtained in the mean field approximation V M F (the stationary phase approach leads to an unstable vacuum, without any local minimum, [17] ).
is valid to expect that h(
. Since 2n-quark vertices contribute to V (M) as h n ∼ M n , the value of V ′′ (0) is entirely determined by terms of the second power in M, i.e. by the four-quark interaction (n = 2) only. Therefore it is tempting to describe the general situation (when higher order multi-quark interactions are included) by the same inequality (9) , since it will dictate the behavior of the effective potential in the neighbourhood of the origin in full agreement with the leading order result; this is illustrated in Fig. 1 , the upper panel for τ < 1, the lower one for τ > 1. For that one must find however a way to reduce the number of real roots of the corresponding stationary phase equation to one.
What is wrong with several roots? Let us consider the system which includes four-and six-quark interactions G, κ = 0, g 1 , g 2 = 0. In this case the quadratic Eq. (8) has two solutions, both being real for M ≥ 4G 2 /κ. It follows then that the stationary phase method leads us to the gap equation which contains the sum of these solutions
The sum does not depend on M, because h (1) + h (2) = −16G/κ, and this gap equation misses the trivial solution M = 0, corresponding to the chiral symmetric vacuum. One sees that a simple addition of the 't Hooft interaction to the four-quark Lagrangian affects so violently the trivial solution and as a matter of fact the whole effective potential, which gets unstable 6 , that, apparently, we must get rid of the problem which appears as soon as the stationary phase equation has more than one real solution 7 . Since a quadratic equation never has only one real root, we are pushed to increase the order of the equation by including eight-quark interactions. One obtains in this way the cubic equation (8) . This equation has only one real solution h(M), which changes smoothly in the open interval −∞ < h < ∞ being an isomorphic and monotonic function of M, when one restricts the choice of parameters to
For this case the constituent quark mass M fulfills the gap equation
related with the potential V (M) (see Eq. (6)) which is bounded from below (see Figs. 1c and 1f). Eqs. (12) replace the previous requirement G > 0 (see Eq. (10)). They must be fulfilled to guarantee the global stability of the system. The first inequality is new and plays for the enlarged system the role of Eq. (10): in the case of four-quark interactions only, the linear stationary phase equation 6 This point has been considered in detail in [17] . 7 Here we would like to stress that Figs. 1b and 1e, related with the addition of six-quark interactions, are obtained within the mean field approach, which leads to the effective potential (6) taken at λ = 0 and considered as a function of h [15] . We identify it with V MF (h). The dependence M (h) is given by Eq. (8) . This is a one-to-one mapping h → M , where h ranges along the interval −∞ < h < ∞. The local maximum at positive h = −8G/κ on both figures corresponds to the point where the regular (at κ → 0) solution h (1) changes to the singular h (2) . V MF (h) is unbounded from below, as h (2) → ∞.
had automatically only one real root, here the values of couplings must be fixed correspondingly to ensure the existence of only one real root. The second inequality is a direct analogue of G > 0. Eq. (9) is still relevant to the case and is responsible for the behaviour of V (M) in the neighbourhood of zero, as mentioned before. In Figs. 1c and 1f the stabilizing effect due to the addition of eight-quark interactions is shown. Note that they change radically the potential only at values of h > −8G/κ, as compared to the cases 1b and 1e, calculated in the mean field approximation (see also footnote 7), affecting little the other branch of the potential, where h ∼ h (1) . In particular the value of h where the global minimum of both potentials occurs in the spontaneously broken phase, is negative. Since at the quark one-loop order h is proportional to the quark condensate [29] , one is inclined to believe that by fixing the model parameters through it, this will finally lead to similar numerical values for all observables which depend in a stringent way on the value of the condensate. For those observables, the calculatinos in the metastable mean-field approximation and in the globally stable case considered with inclusion of the eight-quark interactions will not differ much.
Another interesting aspect of this simple analysis of the SU(3) limit of the effective potential is the possibility of existence of multiple vacua, illustrated in Fig. 2 . For τ < 1, i.e. in a region where the four-quark interactions alone lead to the symmetric Wigner-Weyl phase, the inclusion of the 't Hooft six-quark intearctions can induce spontaneous symmetry breaking for some critical values of the coupling parameter κ. This new vacuum can coexist with the trivial vacuum. This has been discussed previously in [30] , now we are able to confirm its existence within the general stability conditions imposed for the vacuum, given by the inequalities in (12) . In the presence of non-vanishing values for the current quark mass, the minimum at the origin shifts towards the physical region of negative h. The phenomenon of multiple vacua has been addressed in several other approaches to the description of the QCD vacuum [31, 32, 33] .
The most general case is obtained if the SU(3) L ×SU(3) R chiral symmetry of the quark Lagrangian is broken down explicitly by the non-zero values of current quark masses m. Then the inequalities (12) must be replaced by the following ones [18] The last constraint can be used to make a large N c estimate for g 1 . Indeed, we know that G scales as 1/N c , κ ∼ 1/N 3 c and, therefore, conclude from the above inequality that g 1 cannot scale as 1/N 6 c or smaller. On the other hand, this eight-quark interaction is an additional (to the 't Hooft determinant) source of OZI-violating effects and thus it cannot be stronger than the 't Hooft interactions, i.e., g 1 ∼ 1/N 4 c or less. These reasonings show that
c . We would expect g 2 to be in the same interval, although inequalities (14) are not appropriate to prove that.
Semi-bosonized Lagrangian
The multi-quark Lagrangian (1) can be presented in the bilinear form with respect to the quark fields. The details can be found in [11, 17] . Without using any approximations one obtains the following vacuum-to-vacuum amplitude of the theory
where
The bosonic fields σ = σ a λ a and φ = φ a λ a are the composite scalar and pseudoscalar nonets which will be identified later with the corresponding physical states. The auxiliary fields s a and p a must be integrated out from the effective mesonic Lagrangian L r . The quarks obtain their constituent masses M = M a λ a = diag(M u , M d , M s ) due to dynamical chiral symmetry breaking in the physical vacuum state, ∆ a = M a −m a . The totally symmetric constants A abc are related to the flavour determinant, and equal to
Some useful relations for A abc can be found in [30] .
Stationary phase approximation for Z
The functional integrals over auxiliary variables s a , p a in Eq. (15) 
given by the system of equations
We seek these solutions in form of expansions in the external mesonic fields σ a , φ a
The coefficients h (i) a... depend on the coupling constants G, κ, g 1 , g 2 and quark masses ∆ a . The higher index coefficients h (i) a... are recurrently expressed in terms of the lower ones. The one-index coefficients h a are the solutions of the following system of cubic equations
Thus, the problem is reduced to a finite set of algebraic equations which span the nonet space of U(3). These equations may be considered as an example of response equations, previously studied in [34] for the purpose of gaining some understanding about the possible origins of strong SU(3) breaking. The response h a is fully determined by the couplings G, κ, g 1 , g 2 and the mean field ∆ a , which plays the role of an external force. In accordance with the pattern of explicit symmetry breaking the mean field has only three non-zero components, with indices a = 0, 3, 8.
In order to solve Eqs. (21), one has to find whether there exists an intersection of a number of hypersurfaces. The important question of completeness of the system (21) is examined in Appendix A. This yields h a = 0 for a = 1, 2, 4, 5, 6, 7. Thus the system reduces to three coupled equations to determine h 0 , h 3 , h 8 . This task has been solved in [18] . At this stage, as we have already discussed, one has to find conditions (see Eq. (14)) which ensure the one-to-one mapping ∆ a ↔ h a .
The next two equations following from (19) determine the coefficients h (1) ar , h (2) ar in (20)
Corresponding solutions are given in Appendix B. This procedure can be easily extended. Equating to zero the factor at any independent field combination in (19), one obtains an equation which determines one of the coefficients in (20) .
On the other hand, these equations are useful if one wants to find the projection of the Lagrangian L r on the stationary phase trajectory (20) . For that one should rewrite them in a more convenient form, using that
In particular, solutions of Eqs. (21)- (23) define the first three coupling constants of such Lagrangian, i.e., one can show that
Since the system of equations (19) can be solved, we are able to obtain the semi-classical asymptotics of the functional integral over s a and p a in Z. If parameters G, κ, g 1 , g 2 belong to a range where the system has a unique real solution, the calculations are straightforward. In particular, one has the following result which is valid at lowest order of the stationary phase approximation
Integrating quark fields in Z
To obtain the effective Lagrangian of the model we should integrate out quark fields from Eq. (15). This is a well studied part of the calculations and we restrict ourselves to several general remarks here. The one-quark-loop effective action can be computed in euclidean spacetime, the chiral invariant part of the result, W q [σ, φ], is given by the modulus of the quark determinant
where D E stands for the Dirac operator in euclidean spacetime, namely
The quark determinant is a complicated nonlocal functional which can be approximated in the low-energy regime by the Schwinger -DeWitt asymptotic expansion [22, 23] . The presence of a noncommutative (with respect to the bosonic fields σ and φ) mass matrix M requires a more delicate treatment of this term in comparison with the standard approach, where M is supposed to commutative with the fields. The corresponding technique has been recently developed [24] and applied to the case considered here in [29] . We refer to these papers for necessary details (see Section 3 in [29] ), although we present the result, because we need it in the following. The heat kernel expansion used is
where coefficients b i for the case with isospin symmetry are
Our following result is based on these two terms of the series. It is the lowest order approximation, because the usual kinetic term of the collective fields is contained in b 2 , and we truncate the series exactly after this term. The part of b 2 with ∆ us = M 2 u − M 2 s is absent from the standard Seeley -DeWitt coefficient a 2 . This is one of the new features of the approach, which follows from the noncommutativity of the constituent quark mass matrix M.
The trace in Eq. (29) should be taken over colour, flavour and four-spinors indices. In Eq. (30) Y is used for
The factors I i are given by the average
and represent one-quark-loop integrals. In the considered approximation we need only to know J 0 (M 2 ) (see Eq. (7)) and
We are using here the proper time regularization scheme. Thus, the integration over quark fields yields the second part of the effective Lagrangian (the first part is given by Eq. (26))
The tadpole term, L tad , is
The kinetic term, L kin , after continuation to the Minkowski spacetime, requires a redefinition of meson fields to obtain the standard factor in front, i.e.,
The contribution to the mass Lagrangian is given by
where we assume that the indices i and f range over the subsets i = 1, 2, 3 and f = 4, 5, 6, 7 of the set a = 0, 1, . . . , 8. Thus we have
3. Pseudoscalars: masses, mixings and all that
Symmetry and currents
One can simply obtain the conserved (or partially conserved) currents of the local theory by using the variational method of Gell-Mann and Lévy [35] .
For instance, the infinitesimal local chiral transformations of the quark fields in L ef f (see Eq. (1)) are
where the small parameters α = α a
and their divergences
Transformations (40) induce the correlated change in the flavour space of collective fields
The quark Lagrangian, L ef f , is approximated by the effective bosonized La-
where dots correspond to all omitted terms due to the approximations made. Therefore, one can obtain the currents again, but now they will be written in terms of meson fields. Indeed, one has
These currents obviously depend on the order where the heat kernel series is truncated, because the coefficient b 2 and higher ones contain derivatives. The symbol O(b 3 ) shows that currents (46) and (47) 
Decay constants of pseudoscalars
Let us calculate matrix elements of axial-vector currents
Using Eq. (46) one derives
It is not difficult to relate these abstract values with the experimentally measured decay constants of physical pseudoscalar states P (x). For instance, the weak decay constants of the pion (f π ) and kaon (f K ) are defined by the corresponding isotopic components of the axial current A 
and, therefore, one finds
These are the Goldberger -Treiman relations at the quark level. The decay constants in the η − η ′ system are defined
where P = η, η ′ . Each of the two mesons has both, singlet and octet components φ
This orthogonal rotation diagonalizes the kinetic and mass terms in the meson effective Lagrangian. The mixing angle θ p will be calculated in Section 3.4. Consequently, from Eq. (52) one obtains the 2 × 2 matrix {f
This matrix depends on four independent parameters g, M u , M s , θ p . An alternative parametrization has been considered in [37, 38] , where two constants f 0 , f 8 and two angles ϑ 0 , ϑ 8 specify the matrix f a P .
There is a straightforward correspondence between the parametrization of Kaiser and Leutwyler and the model predictions. Indeed, one finds
The formulae for the relations between mixing angles are given in the end of this section. As one would expect, the model predictions agree well with the general requirements of chiral symmetry following from chiral perturbation theory (ChPT), although the results differ already at lowest order. For instance, we have
One can show that the second term on the r.h.s. is of order (m s − m u ) 2 and therefore must be omitted at lowest order of ChPT. The rest of this formula is a well known low-energy relation which is valid in standard ChPT.
The mixing angles ϑ 8 , ϑ 0 are small and ϑ 8 = ϑ 0 . We have for their difference
Thus, ϑ 8 = ϑ 0 due to the SU(3) flavour symmetry breaking effect. Again, this result agrees with the ChPT formula, if one notes that the last term is a higher order contribution. The singlet decay constant f 0 is equal to
In the η ′ -extended version of ChPT there is the OZI-rule violating term in the effective Lagrangian, which contributes as f 2 π Λ 1 to the r.h.s. of Eq. (60). We have instead the term (M s /M u − 1) 2 /6 ∼ Λ 1 . Of course, in our case the origin of this contribution is related with the SU(3) flavour symmetry breaking.
Let us now express the mixing angles ϑ 8 , ϑ 0 in terms of one mixing angle θ p and quark masses. One has tan ϑ 8 = f
It follows then that
where ψ = θ p + arctan √ 2. Similar formulae have been obtained in [39] by Feldmann, Kroll, and Stech. One should not confuse the angle θ p , defined by the rotation (53) and contributing to the matrix f a P as it is shown in Eq. (54), with the naive identification ϑ 8 = ϑ 0 = θ p discussed in the literature in connection with the one mixing angle problem. Our consideration is perfectly consistent with the two mixing angles approach.
Strange -nonstrange basis for decay couplings
The axial-vector currents can be taken in a different basis, namely, we shall consider now the nonstrange A ns µ and strange A s µ currents
The singlet φ 0 R and octet φ 8 R fields are also rotated to the new basis
The corresponding matrix elements are easily calculated
The physical states P = η, η ′ are the mixtures of the nonstrange and strange components, this follows from Eqs. (53) and (66)
where the angle ψ = θ p + arctan √ 2 ≃ θ p + 54.74
• . Next one can find the couplings describing decays of physical states in the hadron vacuum
The result can be represented in a way which is similar to the one of Leutwyler -Kaiser [40] 
Our calculations show that
It follows that the basic parameters f ns , f s , ϑ ns , ϑ s of the matrix {f i P }, being expressed in terms of model parameters (in the approximation considered), are
There is a direct relation between a common mixing angle ϑ ns = ϑ s and the OZI-rule which has been discussed in [39] - [41] .
Mass formulae and the mixing angle θ p
The gap equations are an essential ingredient to obtain mass formulae of pseudoscalars. One obtains them equating to zero the tadpole contributions from the Lagrangian L bos , see Eq. (45)
The stationary phase equations (143) taken in the isospin limit (m u = m d ) have been also used to obtain the mass spectrum
Here η − = η, η + = η ′ . There is a mixing between the (0, 8) states in the multiplet. The symmetric mass matrix M p is given by
where we have
The non-diagonal term of the matrix vanishes in the SU ( 
It is easily seen from Eq. (81) that the mixing angle θ p is equal to its ideal value: tan(2θ id ) = 2 √ 2, i.e., θ id ≃ 35.26
• and ψ = 90
• , if κ = 0. As a result we have 10 η ∝ φ ns and η ′ ∝ φ s , thus the eight-quark interactions have no influence on the flavour content of η, η ′ without the 't Hooft term. Consider now the η − η ′ masses (76) presented as follows
The independent functions Q 1 , Q 2 , Q 3 are equal to
In the large-N c approximation (
3 ) these functions are related to each other and to the ghost coupling λ η , introduced by Veneziano in [6] ,
where ω ∼ 1/N c is a leading order contribution of ω u , or ω s . We have for λ
10 Note that the orthogonal transformation (53) is written for κ = 0, what corresponds to A − B > 0. If κ = 0, one has the opposite inequality A − B < 0, and, as a consequence, one should replace in Eqs. (53) and (68) the fields η ↔ η ′ .
With these specific values of Q's our expressions for the masses of η, η ′ mesons coincide with Eq. (34) of Veneziano work in [6] . Moreover, the WittenVeneziano formula for the mass of η ′ ,
which is obtained in the large N c limit of QCD for non-vanishing quark masses, relates the η ′ mass with the topological susceptibility in pure Yang -Mills theory χ(0)| Y M . Consequently, Eq. (87) yields
The interesting feature here is the explicit demonstration that the eight-quark forces contribute to Eqs. (83)- (85) 
obtaining approximately a mixing angle θ p ≃ −14
• , and masses m η ≃ 516 MeV, m η ′ ≃ 1077 MeV. These numbers reflect the general picture presented in Section 5 rather well.
Scalars: masses and the mixing angle θ s
Mass spectrum of the scalar nonet
The masses of the scalar nonet: a 0 (I = 1), K *
To obtain the last formula (93) the mass matrix of isospin singlets σ 0 R and σ 8 R in the Lagrangian (38)
has been diagonalized by an orthogonal transformation
with the angle given by
Let us apply formula (96) to the case in which the 't Hooft determinant is neglected. We find that the mixing angle θ s = θ id at κ = 0. The reason is that the terms which are proportional to ρ us in D and A − B have different coefficients. Therefore the f − 0 meson has an admixture of the strange component and correspondingly the f + 0 meson has an admixture of nonstrange quarks due to the eight-quark interactions 11 with coupling g 1 . Such admixtures explicitly violate the OZI rule in these scalar channels.
We must notice that the singlet-octet splitting of scalars is more sensitive to the eight-quark interactions, as opposed to the pseudoscalar case considered above. We can gain some understanding of this by writing slightly less explicit formulae for scalars. For that we turn again to the large N c arguments, postponing the exact calculations till Section 5. 
The 1/N c consideration
The 1/N c expansion is usually a good approximation for hadrons. If we accept this idea, we can deduce from the above formulae a clear qualitative picture of the role played by the eight-quark forces in the mass spectra of scalars. Our starting point are the following expressions
where 
3G
(4ω u + 2ω s + 2ρ uu − ρ ss + 8ρ us ) + . . . , (101)
The contributions from the different τ 's are exactly canceled in Eqs. 
where the eight-quark contributions E
are proportional to the strengths ∼ g 1 and g 2 correspondingly.
Next, let us try to understand in simple terms the hierarchy inside the nonet. It is easy to see from Eqs. (97)- (99) 
. This is in an agreement with the result of analysis [43] . Let us do some crude numerical estimates. We have at leading order
First, we conclude that eight-quark forces are probably unimportant for the difference m
Second, we use the ratio f K /f π = 1.22 to find M s /M u . Indeed, it follows from Eqs. (51), (56), (57), (63) and (64) that
One easily finds M s /M u = 1.44. Numerically, this yields f 8 = 1.31f π , f 0 = 1.17f π , ϑ 0 − ϑ 8 = 19.5
• . Third, we use phenomenological values m π ≃ 138 MeV (averaged over the isotopic triplet π 0 , π ± ) and m K ≃ 495.7 MeV (averaged value for isotopic duplet K + , K 0 ) to obtain ∆ Kπ = 0.227 GeV 2 , and m
In order to make more progress, we need a further dynamical input. For that we identify the quark-antiquark a 0 -state of the model with the known
This resonance is often considered as KK molecular-like bound state [44] . The four-quark nature of the a 0 (980) meson is also widely discussed in the literature (see, e.g., the recent paper [45] and references therein), where a 0 (980) is a compact KK state. The extended 12 The last Eq. (107) follows from our general result Eqs. (74)-(75) in the pseudoscalar sector for the difference
molecule case does not exclude that the core part of the wave function may be dominantly[46] . The four-quark picture is however based essentially on the MIT-bag model, thus representing an alternative approach to the problem. Now, by using that m a 0 (980) ≃ 980 MeV, one derives m K * 0 ≃ 1226 MeV. We suppose that this state may be identified with the wide I(
MeV, Γ = 410 ± 43 ± 87 MeV, reported in [47] ; see also [48] - [52] , where further support for this low lying state is given.
Before we calculate the masses of the two f ∓ 0 states from Eq. (105), consider the singlet-octet mixing angle θ s which can be written very compactly in the large N c world, viz.,
If the 't Hooft interaction term Q 
As a consequence the result is very sensitive to the parameters of the model. We shall see later that the best fit of the pseudoscalar channel leads to the value m f − 0 ≃ 550 − 750 MeV. Therefore, the lowest mass scalar meson, f − 0 , is identified with f 0 (600). The Particle Data Group assigns to this resonance the mass m f 0 (600) = 400 − 1200 MeV, and the width Γ = 600 − 1000 MeV.
The state f + 0 agrees with the state f 0 (1370): m f 0 (1370) = 1200 −1500 MeV (Γ = 200 − 500 MeV). The lower state f 0 (980) with the same quantum numbers is too far away from the value following from Eq. (105), thus our estimate shows that f 0 (980) may be not a member of the scalar quark-antiquark nonet considered 13 13 It is notorious that the low-lying scalars are still the subject of many studies. Our It is known that the U(1) A breaking produces an opposite in sign masssquared splitting between the octet and the singlet for the scalar and pseudoscalar mesons. This can be embodied in the approximate sum rule [43, 54] 
The r.h.s. results from the exact cancellation between the 1/N c order terms induced by the 't Hooft interaction (see, for example, Eq. (88)). One can see that eight-quark interactions may contribute to the sum rule already at 1/N c order, if the coupling g 1 counts as 1/N 4 c . Indeed, one obtains
This term has a negative sign, decreasing the sum m
. Let us note that in this case g 1 lowers the value of m f − 0 and due to the fine tuning effect in Eq. (112) the octet-singlet splitting grows with increasing g 1 in the scalar nonet. Thus the above sum rule is a good illustration of the possible impact of the eight-quark OZI violating forces on the scalar mesons.
Numerical results
We collect the results of the exact numerical calculations for the mass-spectra, mixing angles and quark condensates in three tables. Input is denoted by a *. Table 1 contains the seven parameters of the model m u , m s , Λ, G, κ, g 1 , g 2 .
Sets (a, b, c) and (d, e, f), are each a block for which we compare the effect of the new parameters g 1 , g 2 as follows. In the first line of each grouping we set g 1 , g 2 to zero, and fit four of the remaining parameters (m u , m s , G, κ) by fixing m π , m K , f π , f K ; in the first set Λ is fixed through f − 0 , in the second through η ′ . The reason to fix the empirically not well known mass of f − 0 is that it is the most sensitive to changes of the parameter g 1 (we remind our discussion of Eq. (112)). By fixing it, one reverts the situation and is able to detect the effects of g 1 , g 2 on the other observables. In the last set one sees that by fixing the mass of η ′ , it is f − 0 that monopolizes the value of g 1 .
conclusion agrees with some other results [44, 45, 53] , but we are aware that the point requires an additional analysis of scalar decays to be definitive. In different approaches, based on a coupled channel analysis, the pole position may also be affected by closed channels, see e.g. [49] . For all sets, except of course the case g 1 = g 2 = 0, the stability conditions (14) are fulfilled. Tables 2 and 3 contain the results to be compared with the phenomenological data. The first set shows drastic effects of the parameter g 1 on mass spectra: going from (a) to (b) the η ′ mass is reduced by 40%, getting close to its empirical value m η ′ = 957.78 ± 0.14 MeV, while the η mass gets smaller by 7%. The overall effect is a reduction of the gap between these two states, which can be translated into the smaller value of the parameter κ in (b), as compared to the one in (a).
The η − η ′ splitting can be illustrated by the formula (82) which takes the form
where m 2 ) is related to the topological susceptibility 14 and is about four times larger than it is required. Considering set (b), we obtain m η ≃ 496 MeV. This value is now corrected by the six and eight-quark contributions collected in c q . Unfortunately they work in the same direction and do not improve the low result for η. Finally one finds the value m η = 486 MeV. This is the general tendency in all sets. Table 2 The masses, weak decay constants of light pseudoscalars (in MeV), the singletoctet mixing angle θ p (in degrees), and the quark condensates ūu , ss expressed as usual by positive combinations in MeV. Other effects are seen in the reduction of all scalar masses, except the input one, by 25% for a 0 , 14% for K * 0 , 9% for f + 0 . In set (c) the effect of g 2 , keeping the same g 1 as in set (b), is seen to increase all masses again. It has in this case a negative value, which is also allowed by the stability conditions. The condensates and scalar mixing angle remain comparable in (a, b, c), the pseudoscalar angle θ p increases in absolute value from set (a) to (b). Its value quoted in Table 2 is around θ p = −12
• being in agreement with estimates of Veneziano [6] and more recent calculations in [55] .
This angle is directly related by Eqs. (63)- (64) with two mixing angles seen in the singlet and the octet components of the decay constants. We find, for example, for set (c):
• , ϑ 0 = 3.5
• . There is some ambiguity about the definition of quark condensates if the chiral symmetry is explicitly broken by bare quark masses m i . The values given in Table 2 are obtained by the subtraction of the expectation value of q i q i in the perturbative vacuum from its expectation in the true vacuum:
14 One can find details, in particular, in the first reference of [38] .
which is the definition used in [10] . Let us recall the recent update of the lightquark condensate at a scale of 1 GeV:(1 GeV) = −(242 ± 15 MeV) 3 , whereqq = (ūu +dd)/2 represents the isospin average of the non-strage quarks [56] . The flavour breaking ratio is known to be ss /= 0.8 ± 0.3 [56] .
The second set (d, e, f): we fix the η ′ mass to its empirical value, and chose also f K closer to experiment, keeping m π , m K , f π as in all other cases. In (e) we obtain g 2 through the mass of a 0 (980) and take g 1 arbitrarily. In the pseudoscalar sector this lowers slightly the value of the η-mass and changes a bit the mixing angle θ p . Table 3 The masses of the scalar nonet (in MeV), and the corresponding singlet-octet mixing angle θ s (in degrees). The main effect is visible in the f 0 (600) mass: a further increase in g 1 , set (f), decreases further its mass, leaving the remining observables almost unaffected. The repulsion between the two isosinglet levels caused by the eight-quark interaction thus lowers the value of m f 0 (600) by about 200 MeV.
There is no marked effect on the K * 0 (800) state, which continues to lie above the a 0 (980) mass. The large N c result (106) protects the inequality m K * 0 > m a 0 for the members of the quark-antiquark octet, which finally holds in the general case.
To summarize, the effect of eight-quark interactions on the mass spectrum, vacuum decay couplings, and mixing angles is relatively small as long as general properties of the QCD vacuum (the values of the quark condensates and the topological susceptibility) are correctly reproduced.
Conclusions
The role played by eight-quark interactions in the long wavelength limit of QCD has been addressed in a systematic way. A full understanding of its impact on the vacuum and properties of the low-lying spin zero mesonic spectra has been achieved. As an important by-product also the results associated with the well known four and six quark Lagrangians due to Nambu -Jona-Lasinio and 't Hooft, on the body of which the eight-quark terms are attached, are classified and presented according to stability criteria of the effective potential (reviewed and illustrated in Section 2.2), the large N c counting scheme, approximate sum rules for meson masses, U A (1) and flavor SU(3) breaking terms, and OZI-rule violation. This "dissection" allows not only for a complete understanding of the full result, (i.e. in the leading order stationary phase approximation to the functional integral), for which we also give analytical expressions, but also to compare with other relevant works in the field. These discussions and respective formulae accompany every main derived step within the full result and serve as a "hitchhiker's guide" to the mesons in the multi-quark "galaxy". 15 An issue of much interest is the two-angle analysis of the η − η ′ mixing and its relation with the standard one-angle diagonalization. We clarify some existing confusion in the literature by deriving in full detail in Sections 3.2 and 3.3 the connection and equivalence of the two methods within the Lagrangian considered.
The masses and splitting of the complete result for η − η ′ system are conveniently cast in the form of Eq. (115), which separates in a transparent way the leading Gell-Mann -Okubo contribution, the Witten -Veneziano correction and the second-order SU(3) flavor breaking corrections due to six and eight-quark terms. These latter ones have a positive sign for the parameter sets which yield good fits for the remaining pseudoscalar observables and therefore add a small correction to the already large Witten -Veneziano term, thus yielding a larger splitting than the empirically observed.
Concerning the scalar sector we show that there exists a mass hierarchy within the model considerations which is not conform with the present understanding of the empirical results.
These drawbacks, being the result of an exhaustive and consistent study, clearly indicate that effects not considered, such as meson loops, higher orders in the heat kernel expansion, and confining forces, might be at work.
We view therefore the main role of eight-quark forces considered as folows: (i) they are of vital importance for the stability of the ground state built from four and six-quark interactions. They restrict the choice of the couplings G, κ, g 1 , g 2 to the rather narrow window of combinations given by Eq. (14) . This is important, since combinations outside the allowed range can at instances even yield a better spectrum for the pseudoscalar mesons alone. It would be an erroneous result, attributing minor importance to the corrections of the kind not considered. (ii) They help in understanding the effects caused by the OZI-violating terms with coupling strength g 1 , which affect quite strongly the splitting of the f ∆ a are constrained (see below). It should be recalled that ∆ a is a set of independent variables (for different values of a) which will be fixed only later with the help of the gap equations. Thus any restriction on ∆ a at this stage leads to an internal contradiction and the corresponding solutions must be rejected. There is another reason to exclude a continuum of solutions, namely the stationary phase method cannot be applied for such a case.
After these general remarks, let's consider important details. Eq. (21) yields the following set 
where µ, ν, ρ, σ and ξ are defined as follows 
This system has been studied in our work [18] . Since the variables ∆ a are supposed to be independent, one concludes that this result leads to an apparent contradiction. It may be also noted that the pair of quantities (∆ 3 , ∆ 8 ) define in general a plane in the nonet space, if neither quantity vanishes. The found correlation means that only one axis is defined, in which case the system is not complete and the solution is underdetermined. This case gives a new class of solutions. Nevertheless it can also be thrown out, as long as ∆ 3 = 0, by the same arguments as just given.
One concludes that only the case 1 leads to the isolated real solutions of Eqs. (21) which must be taken into account. As has been shown in [18] one can choose the parameters of the model in such a way that only one real solution appears.
We would like to note that our investigation here recalls in many aspects the old results of Pais [34] , who studied the response equations with octet driving forces. He dealt with the octet space of SU(3). Eqs. (21) have some more complicated structure, but the general conclusions remain true. Even the formal covariance property of the system under the transformation h 0 = q 0 , h 1 = −q 6 , h 2 = q 7 , h 3 = 1 2 q 3 − √ 3q 8 , h 4 = q 4 , h 5 = q 5 ,
in the nonet space is fulfilled. This transformation brings Eq. (21) in the form b a + Gq a + 3κ 32
and all other b a = 0. 
For h (2) ab one obtains 
